Let G be a connected reductive group defined over F q (the finite field with q elements, where q is a power of the prime number p), with the standard Frobenius map F . Let B be an F -stable Borel subgroup. Let k be a field (may not be algebraically closed) of characteristic 0 ≤ r = p. In this paper, we completely determine the composition factors of the permutation module module k[G/B] = kG ⊗ kB tr (here kH is the group algebra of the group H, and tr is the trivial Bmodule). In particular, we find a large family of infinite dimensional absolutely irreducible abstract representations of G over k.
Introduction
The study of the induced modules of a reductive group G from a 1-dimensional representation of a subgroup is critical in understanding the irreducible modules of G. In general, it is difficult to give such a decomposition. The well known Kazhdan-Lusztig (see. [KL] ) theory and Deligne-Lusztig theory (see. [DL] ) are closely related to certain type of induced modules: Verma modules and the Deligne-Lusztig's induction, respectively.
For the finite groups of Lie type, the submodule structure of such modules has been well studied (see. [C] and [L] ). For example, in [J] Jantzen constructs a filtration for such induced modules and gives the sum formulas of these filtrations correspond to those of the well known Jantzen filtrations of generic Weyl modules. In [P] C. Pillen proved that the socle and radical filtrations of such modules can be obtained from the filtrations of the generic Weyl modules under the similar assumption in [J] . It was also showed in the same paper that these modules are rigid.
For the abstract representations of connected reductive groups, little was known for such modules. Recently, as observed by Nanhua Xi in [X] , the induction using the construction of Frobenius, will produce new infinite dimensional irreducible abstract representations. For example, the infinite dimensional Steinberg module, which is the direct limit of Steinberg modules of G q a (the F q a points of G) as a → ∞, was turned out to be irreducible in [X] (in defining characteristic) and [Y] (in cross characteristic). More generally, Xi constructed a filtration (whose subquotients are denoted by E J , indexed by the subsets J of the set I of simple reflections) of the naive induced module from the trivial module of a Borel subgroup (see Section 2) . It was proved in [D] that some subquotients of this filtration are irreducible in cross characteristic. The present paper shows that the above filtration given by Xi is a composition series. Thus, unlike the case of finite groups of Lie type, it is surprising that the naive induced module from the trivial module of a Borel subgroup has exactly 2 f composition factors, where f is the rank of G. The idea of the proof contains the following three steps: (1) We show that E J is isomorphic to a submodule of certain parabolic induction; (2) Using the self duality of the finite version of such parabolic induction, we show that each submodule of E J contains a nonzero B q a -fixed point in E J for some a > 0, where B q a is the F q a -points of B; (3) We show that such B q a -fixed point can be translated to a generator of E J by kG. The above three steps imply the irreducibility of E J . Xi proved that all these E J are pairwise non-isomorphic (see. [X, Proposition 2.7] ). We conclude that all E J with J ⊂ I are irreducible and pairwise non-isomorphic.
This paper is organized as follows: In Section 2 we recall some notation and basic facts. The Section 3 gives the proof of the main theorem, and gives some consequences of main theorem. In the section 4, we show that E J is not an union of irreducible G q a -modules (although G is union of G q a ). The Section 5 gives some open problems for further study.
Notation and Preliminaries
Let k be a field. Let G be a connected reductive group defined over F q with the standard Frobenius map F . Let B be an F -stable Borel subgroup, and T be an F -stable maximal torus contained in B, and U = R u (B) the (Fstable) unipotent radical of B. We denote Φ = Φ(G; T) the corresponding root system, and Φ + (resp. Φ − ) be the set of positive (resp. negative) roots determined by B. Let W = N G (T)/T be the corresponding Weyl group. For each w ∈ W , letẇ be a representative in N G (T). For any w ∈ W , let U w (resp. U ′ w ) be the subgroup of U generated by all U α (the root subgroup of α ∈ Φ + ) with wα ∈ Φ − (resp. wα ∈ Φ + ). The multiplication map U w ×U ′ w → U is a bijection (see [C, Proposition 2.5 .12]). One denotes ∆ = {α i | i ∈ I} the set of simple roots and S = {s i | i ∈ I} the corresponding simple reflections in W . For any J ⊂ I, let W J and P J be the corresponding standard parabolic subgroup of W and G, respectively.
, where tr is the trivial B-module, and call it the permutation module on flag variety. Let 1 tr be a nonzero element in tr. For convenience, we abbreviate x ⊗ 1 tr ∈ M(tr) to x1 tr . For any J ⊂ I, set
and let M(tr) J = kGη J . It was proved in [X] that
Following [X, 2. 6], we define
where M(tr) ′ J is the sum of all M(tr) K with J K. The following lemma was proved in [X] .
Lemma 2.1 ( [X, Proposition 2.7] ). If J and K are different subsets of S, then E J and E K are not isomorphic.
For each w ∈ W , let
where P y,w are Kazhdan-Lusztig polynomials. According to [KL] , the elements C w with w ∈ W form a basis of kW and C w J = (−1) ℓ(w J ) η J for any J ⊂ I by [KL, Lemma 2.6 (vi) ], where w J is the longest element in W J . For w ∈ W , set R(w) = {i ∈ I | ws i < w}. For any J ⊂ I, define
The following lemma is well known and the proof can be found in [X, Proposition 2.3 ] (see also [D] ).
The following results was proved in [D] . Lemma 2.9] ). Assume that a > 0 and char k = charF q . Let M be a kG-module and 0 = η ∈ M T . Then η is contained in the submodule of M generated by U q a η.
If G and T in Lemma 2.5 is replaced by G q a and T q a , respectively, then the result no longer holds. For example, assume that charF q = p, char k = r, and p ≡ 1 (mod r). Let M = kG q a 1 tr and η = w∈Wẇ 1 tr ∈ M T q a . Then
where w 0 is the longest element of W . It follows that U q a η generates a trivial G q a -submodule of kG q a η. Therefore, Lemma 2.5 displays a special feature of infinite dimensional representations of reductive groups.
The proof of main theorem
The main theorem of this paper is the following Theorem 3.1. Assume that 0 ≤ char k = charF q . Then all modules E J (J ⊂ I) are irreducible and pairwise non-isomorphic. In particular, M(tr) has exactly 2 f composition factors, where f is the rank of G.
To prove Theorem 3.1, we start with the certain submodule of the parabolic
Proof. The proof is almost same as that in [D, Lemma 2.7] . Clearly, all uẇD J with w ∈ Y J and u ∈ U w J w −1 are linearly independent. It remains to
by (1) and Lemma 2.3 (3) . By (2) , it remains to show that c xw J = 0 for
for some h ∈ kW by (1) and (2) of Lemma 2.3. It follows that there is a surjective G-module homomorphism E ′ J → E J mapping uẇD J to uẇC J by Lemma 2.4. This completes the proof.
Before proving Theorem 3.1, we make some preliminaries. For each i ∈ I, let u ∈ U α i \{1}, and x ∈ U α i \{1} be the elements defined in (1) of Lemma 2.2. Set τ i := u −1ṡ i −1 (x−1) ∈ kG. We have the following trivial observation.
Lemma 3.3. For any i ∈ I and w ∈ Y J , we have
Proof. The second case follows immediately from (4) of Lemma 2.2. The third case is trivial since
This completes the proof.
Remark 3.4. From Lemma 3.3, we see that as an operator on kW D J , τ i is independent of the choice of u and x.
Corollary 3.5. Let j 1 , · · · , j k ∈ I. If the coefficient (in terms of the basis given in Proposition 3.2)
Proof. We proceed by the induction on k. The case k = 1 is trivial by Lemma 3.3. Assume that k > 1 and
By induction we have w ′ = w 2 , or there is some 1 ≤ t ≤ k − 1 and a subset {i(1), i(2), · · · , i(t)} of {1, 2, · · · , k − 1} satisfying (i),(ii),(iii) with w 1 replaced by w ′ . By Lemma 3.3, we have w 1 = w ′ or w 1 = s j k w ′ < w ′ . Thus w 1 = w 2 , or we choose the subset {i(1), i(2), · · · , i(t)} in the former case, and {i(1), i(2), · · · , i(t), k} in the latter case. Clearly, these subsets satisfy (i), (ii), (iii) for w 1 . This completes the proof.
As an easy consequence of Corollary 3.5, we have
Proof. (1) and the "only if" part of (2) is obvious by Corollary 3.5. An easy calculation using Lemma 3.3 shows that if w 1 = s j k · · · s j 1 w 2 , then the above coefficient is (−1) k , and hence the "if" part of (2) holds. This completes the proof. Now we are going to prove the main result Theorem 3.1. From here to the end of this section, we assume that char k = charF q . We first prove the following Proposition 3.7. For any J ⊂ I, the module E ′ J is irreducible.
To see this, we first prove the following two claims. Throughout the proof, we assume that all representatives of the elements of W involved are in G q without loss of generality. Otherwise we replace q by a sufficiently large power of q. This does no harm to the proof.
P K,q a tr K . Let H and S be the head and the socle of M J ′ ,q a , respectively. By the self-duality of M J ′ ,q a (this follows from the well known result that the permutation module P = k [X] associated to a action of a finite group G to a finite set X is self dual, and the corresponding isomorphism sends each x ∈ X to f x , the characteristic function of x), V ∈ Irr k (G q a ) embeds in S if and only if V * embeds in H. Assume that L ∈ Irr k (G q a ) embeds in S. Then
by Frobenius reciprocity and the above discussion. This is equivalent to 
It is clear that (E
and there is an
Assume that
Notice that
Since q = 0 in k, we see that 0 = w∈Y J c w q aℓ( Proof of claim 2. Let be the natural dictionary order on
and c(Z) be the number of elements
Assume that 0 = A = w∈Y J a wẇ D J ∈ N ∩kW D J . We will prove Claim 2 by the induction on Ψ(A) with respect to .
If Ψ(A) = (0, 1), then A = kD J for some k ∈ k × , and hence D J ∈ N.
Now we assume that Ψ(A) ≻ (0, 1) (so that h(A) > 0). Choose a w ∈ Y J with ℓ(w) = h(A). Let w = s i 1 · · · s it be its reduced expression (t = h(A)).
Let K be the minimal subset of I containing J such that ww J < w K . Since w ∈ Y J , ww J = w K , and hence s j ww J > ww J for some j ∈ K. It follows
by Lemma 3.3. By the minimality of K, we have
Consider the following two cases.
, and hence (x − 1)A = 0 by Proposition 3.2. Equivalently, we have τ j A = 0.
Combining Lemma 3.3 and (3), we see that τ j A ∈ N and Ψ(τ j A) ≺ Ψ(A). Applying the inductive hypothesis to τ j A yields the result.
Case (ii): a w 1 = 0. Let l ≥ 1 be the minimal number with the following property:
with n(1) < n(2) < · · · < n(l).
Since t ′ satisfies this property, we have
We have the following facts 
for each K ⊂ I with K ∩ J = ∅, and hence the result follows immediately from Theorem 3.1.
Corollary 3.9. Let V be an (abstract) irreducible representation of G and V B = 0. Then V is the trivial representation.
Proof. By the Frobenius reciprocity, V B = 0 implies that V is a quotient of M(tr). By Theorem 3.1, we have V = E J for some J ⊂ I. It remains to show that
B q a , and hence v = w∈Y J c w U w J w −1 ,q aẇD J with c w ∈ k and c w ′ = 0 for some w ′ ∈ Y J . Suppose that J = ∅, then w J w ′−1 = 1, and hence
, and hence gv = v by Proposition 3.2 and Theorem 3.1, which contradicts to v ∈ (E J )
B . This completes the proof.
Non quasi-finiteness of E J
Firstly we recall the quasi-finiteness defined in [X] . A group H is quasi-finite if H has a sequence H 1 , H 2 ,· · · , H n , · · · of finite subgroups such that H is the union of all H i and for any positive integers i, j there exists integer r such that H i and H j are contained in H r . The sequence
is called a quasi-finite sequence of H. An irreducible representation M of H is called quasi-finite (with respect to the quasi-finite sequence H 1 , H 2 ,· · · ,
a subspace of M j , and (3) M is the union of all M i . Clearly, the sequence G q , G q 2 , G q 3 , · · · is a quasi-finite sequence of G and we fix such quasi-finite sequence in the following.
M a , where M a is a finite dimensional G q a -module, and M a ⊂ M b if a|b. In particular, the above property holds for irreducible G-modules.
. However, the converse is not true in general. The preprint [Y] told us that the Steinberg module E I is not quasi-finite irreducible when 0 = char k = charF q . One can also define the "finite version" of E J in the similar fashion. Specifically, let M(tr) J,q a = kG q a η J . Let E J,q a = M(tr) J,q a /M(tr) ′ J,q a , where M(tr) ′ J,q a is the sum of all M(tr) K,q a with J K. In contrast to Theorem 3.1, E J,q a is reducible in general. For example, E I,q a is the ordinary Steinberg module of G q a , which may reducible in the cross characteristic. The following proposition shows that E J is not quasi-finite irreducible (with respect to the
Proposition 4.1. Assume that the length of the regular module CW is not equal to 2 |I| . Then E J is not quasi-finite irreducible (with respect to the sequence G q , G q 2 , G q 3 , · · · ) for some J ⊂ I.
Proof. Suppose that all E J are quasi-finite. For each J ⊂ I, write E J = ∞ a=1 V a , where each V a is an irreducible CG q a -module and V m ⊂ V n if m|n.
Let 0 = ξ ∈ V 1 . The irreducibility of each V a yields V a = CG q a ξ. Thus E J = CGξ and C J ∈ CG q a(J ) ξ for some integer a (J) . The irreducibility of V a(J) implies E J,q a(J ) = V a (J) and hence E J,q a(J ) is irreducible. Choose c so that a(J)|c for all J ⊂ I, and hence E J,q c = V c is irreducible for all J ⊂ I. Thus, the length of Ind Remark 4.2. The examples satisfying the assumption in Proposition 4.1 are ubiquitous. We consider G = SL n (F q ) and W is the symmetric group S n . Let T (n) be the length of CS n , which is the number of standard Young tableaux with n cells. Such number is also called n-th telephone number historically. It is well known that the telephone numbers satisfy the recurrence relation T (n) = T (n − 1) + (n − 1)T (n − 2)
with T (1) = 1 and T (2) = 2. It follows easily from induction that T (n) > 2 n−1 = 2 |I| if n ≥ 4, which satisfies the assumption in Proposition 4.1.
Further questions
In this section we propose some questions on infinite dimensional abstract representations of reductive groups with Frobenius maps. Any 1-dimensional representation θ of T is regarded as a representation of B through the homomorphism B → T. Let M(θ) = kG ⊗ kB θ. The following questions naturally arises.
• Assume that char k = charF q and θ is a rational character of T. What is the necessary and sufficient condition for M(θ) to have finitely many composition factors?
• Assume that char k = charF q and the stabilizer W θ of θ in W is a parabolic subgroup W J for some J ⊂ I. How to decompose M(θ)?
• Are all E J irreducible if char k = charF q ?
• It is well known that the decomposition of kG q a 1 tr is closely related to the Hecke algebras. How to develop a parallel theory for G?
